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GENERALIZED HARNACK INEQUALITY FOR SEMILINEAR ELLIPTIC 

EQUATIONS 

VESA JULIN 


Abstract. This paper is concerned with semilinear equations in divergence form 

div{A{x)Du) = f{u) 

where / : R —[0, oo) is nondecreasing. We introduce a sharp Harnack type inequality for 
nonnegative solutions which is a quantified version of the condition for strong maximum 
principle found by Vazquez and Pucci-Serrin in [30, 24] and is closely related to the classical 
Keller-Osserman condition [15, 22] for the existence of entire solutions. 


1. Introduction 

In this paper we study nonnegative solutions of the equation 
(1.1) div{A{x)Du) = f{u). 

The coefficient matrix A{x) is assumed to be symmetric, measurable and to satisfy the uniform 
ellipticity condition 

A|C|2 < {A{x% 0 < A|CI' 

for every ^ € M"', where 0 < A < A. The function / : M ^ [0, oo) is assumed to be nonnegative 
and nondecreasing. Note that we allow / to have jump discontinuity. Throughout the paper 
we denote the integral function of / by E, i.e., 

F{t)= [ f{s)ds. 

Jo 

The goal of this paper is to prove a general Harnack inequality for (1.1). To be more precise 
we seek to answer the following simple question in a quantitative way. If n is a nonnegative 
solution of (1.1) in i? 2 ) then does the value inf^^ u control sup^^ ul I would like to stress that 
this paper does not concern regularity of solutions of (1.1). In fact, the regularity for (1.1) is 
well understood. Indeed, since / is nonnegative, any solution of (1.1) is a weak subsolution of 
the corresponding linear equation. Therefore by De Giorgi theorem [8] nonnegative solutions 
are locally bounded and by the De Giorgi-Nash-Moser theorem they are Holder continuous. 
However, the point is that both the L°°-bound and the Holder norm depend on the L^-norm 
of the solution and it is not clear how one can bound the L^-norm by knowing the value of 
the solution only at one point. 

The main result reads as follows. 
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Theorem 1.1. Let u G a nonnegative solution of (1.1). Denote M = sup^^tt 

and m = inf^^ u. There is a constant C which depends only on the ellipticity constants A, A 
and the dimension n such that 


( 1 . 2 ) 


dt 

Jm yj F{t) + t 


< c. 


In particular, C is independent of the solution u and of the function f. 

Theorem 1.1 is in the same spirit as [14] for nondivergence form equations with nonhomo- 
geneous gradient drift term. The above result is stronger and more complete than the main 
result in [14], because we do not need any regularity nor growth assumptions on /, and most 
importantly, the constant in Theorem 1.1 is independent of /. In particular, the estimate is 
stable under scaling. 

Harnack inequality for linear elliptic equations by Moser [21] is one of the most important 
results in the theory of elliptic partial differential equations. There are numerous general¬ 
izations of this theorem from which the most relevant for us is by Di Benedetto-Trudinger 
[10] who proved the Harnack inequality for quasiminimizers of integral functionals. Harnack 
inequality for general quasilinear equations has been considered e.g. by Serrin [28] (see also 
[18] for the Holder continuity). This result has the disadvantage that the constant will depend 
on the solution itself. In Theorem 1.1 the inequality (1.2) is not in the classical form but its 
structure depends on the scaling of the equation. This has the advantage that the constant 
is then independent of the solution. Theorem 1.1 is more similar to Pucci-Serrin [25] who 
introduced a Harnack inequality in for quasilinear equations similar to (1.1) where the 
operator is allowed to be nonlinear but not to have dependence on x. Compared to [25] the 
advantage of Theorem 1.1 is that the dependence on every parameter in (1.2) is explicit and 
we do not need any further assumptions on / other than the monotonicity. This makes the 
result more general and the esimate (1.2) more stable. Moreover, the result holds in any 
dimension and the operator is allowed to have merely bounded coefficients. In particular, it 
is not possible to prove Theorem 1.1 by a comparison argument. 

The drawback of (1.2) is that it is in implicit form and it may be difficult to write excplicitly 
the relation between the maximum and the minimum. On the other hand (1.2) is a natural 
generalization of the classical Harnack inequality for equations of type (1.1). We illustrate 
this by giving a complete answer to the following problems. In the following u € W^’‘^{B 2 ) is 
a nonnegative solution of (1.1) with M = sup^^ u and m = inf^i u. 

(i) Strong minimum principle. If u is zero at one point in Bi, is it zero everywhere? 

(ii) Boundedness. Is u bounded in Bi by a constant which depends only on m(0)? 

(hi) Local Boundedness. Is there a radius r > 0 such that u is bounded in Br by a 
constant which depends only on u{0)? 

The problem (i) has been considered by Vazquez [30] and by Pucci-Serrin and their collab¬ 
orators [23, 24, 26, 27] and we know that the strong minimum principle holds if / is positive 
and 


f 


dt 




= oo. 


(1.3) 
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In fact, this condition is also necessary [3, 9]. Theorem 1.1 is in accordance with this and it 
provides a quantification of the strong minimum principle. By this we mean that if 

dt 

= oo, 


/o -s/F^W) + ^ 


then there is a continuous, increasing function <I> : [0,1] —>■ [0,1] such that for M < 1 it holds 
m > <I>(M), (see also [25]). In order to quantify the strong minimum principle we need to 
replace the function in (1.3) by ■\/F{t) + t. This is natural since in the linear case 

/ = 0 the estimate (1.2) then reduces to the classical Harnack inequality. 

Similarly we find an answer to (ii). If 



dt 

's/ F{t) +1 


= oo. 


then there is a continuous, increasing function 'I' : [1, oo) —>■ [1, oo) such that for m > 1 it holds 
M < 'l'(m), (see also [25]). This condition is very similar to the Keller-Osserman condition 
[15, 22] which states that if / is positive and u is a nonnegative and nontrivial solution of 
(1.1) in the whole M” then necessarily 


(1.4) 


i: 


dt 


vW) 


= oo. 


For the proof of this see [17] or Theorem 1.2 below. The above condition is sharp for the 
uniform boundedness of the solutions. Indeed if / does not satisfy (1.4) then there exists a 
sequence of nonnegative solutions (rt^) of (1.1) such that Ufc(O) < 1 and sup^^ri^ —>■ oo as 
k ^ oo. We leave this to the reader. 

Finally to answer (iii) we find that if u and / are as in Theorem 1.1, then we may always 
find a radius r > 0 such that sup^^ u is uniformly bounded by a constant which depends on 
the value m( 0). Indeed, since the constant in Theorem 1.1 does not depend on u and /, we 
obtain by a simple scaling argument that for = sup^^ u it holds 


rMr 

J u(0) 


dt 


(0) ry/F{t) +1 


< C. 


Note that when r —> 0 the above estimate converges to the classical Harnack inequality. 
Therefore when r > 0 is small enough we have that < oo. This result can be seen as 
a weak counterpart of the short time existence result for the one dimensional initial value 
problem 

y" = f{y), 2 /( 0 ) = 2/0 and y'{0) = y'^. 

Note that if / satisfies (1.4) the above initial value problem has a solution in the whole M. 

The statement of Theorem 1.1 is sharp which can be seen already in dimension one (see 
[22, Remark 1]). The assumption / > 0 is also necessary, i.e.. Theorem 1.1 is not true for 
equations 

-Au = f{u) 

where / is nonnegative and monotone. This can be seen by a simple example which we give 
at the end of the paper. One reason for this is that the above equation is the Euler equation 
of the nonconvex functional 

I \^\Du\^ dx — F{u) dx 

Jb2 2 
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and criticality alone is not enough to prove the optimal L°°- bound for minimizers (see [4] 
and the references therein). On the other hand Theorem 1.1 could still hold without the 
monotonicity assumption on /. 

The proof of Theorem 1.1 is rather long and has several stages, and therefore we give its 
outline here. In this paper we develop further the ideas from [14]. The main difficulty is to 
overcome the lack of regularity and growth condition on /, and to avoid the constant C to 
depend on /. In order to do this we will revisit the proof of the classical Harnack inequality 
by Di Benedetto-Trudinger [10] in order to have a more suitable and sharper version which 
allows us to treat the nonhomogeneous case. 

To overcome the lack of regularity and to have the constant independent of /, we use 
the fact that the equation is in divergence form and integrate it locally over the level sets 
of the solution (as in [20, 29]). This will give us precise information how fast the level sets 
locally decay. Similar method has been used to study global regularity for solutions of elliptic 
equations e.g. in [7]. Here we use it to prove local estimates. 

The first observation is that we have a good local estimate on the decay rate of the level 
set {u > t} when we are in a ball B{x, r) whose radius is small r ~ t/■sjF{2t) and the density 
of the level set in the ball 

_ _ l{“ ^ t}nB{x,r)\ 

— 17^/ \I 


is not close to one or zero (Lemma 3.3). The second observation is a measure theoretical 
lemma (Lemma 3.4) which states that the measure of the set where the density at is between 
1/5 and 4/5 (which can be thought to be the ’’boundary” of the level set {u > t}) is related 
to the measure of the set where the density is larger than 4/5 (which corresponds to the 
’’interior” of the level set {u > t}). This is of course very much related to the isoperimetric 
inequality. We combine these two lemmas and obtain the following estimate (see Proposition 
(3.5)) for the decay rate of the level set fi{t) = |{u > t} n H 2 I, 


(1.5) 


— a'(t) > cminl — , 


fi{t) 


IZli 1 

n — 

’ t 


for almost every t > 0 for which ^(t) < |i?2|/2. When fi{t) > IH 2 I /2 we have a similar 
estimate for T]{t) = [{u < t} fl H 2 I. Note that (1.5) has two parts on the right hand side. 
The first one is the nonhomogeneous estimate and the second is the homogeneous one. In the 
sublinear case f{t) < t we may integrate (1.5) and conclude that the solution is L^-intergable. 
In the nonhomogeneous case the inequality (1.5) may oscillate between the two estimates. 

Another issue in the proof is to overcome the fact that we do not have any growth condition 
on /. In [14] it was assumed that the nonhomogeneity is of type f{t) = g{t)t, where s' is a 
slowly increasing function. The proof was based on the idea that under this assumption any 
unbounded supersolution blows up as the fundamental solution of the linear equation. This 
is certainly not true in our case. To solve this problem we study more closely subsolutions of 
(1.1) and prove an estimate (Lemma 4.3) which roughly speaking quantifies the fact that if / is 
very large then solutions of (1.1) will grow fast compared to the solutions of the corresponding 
linear equation. We iterate Lemma 4.3 and obtain the following lower bound for subsolutions. 
Similar result is obtained also in [17]. 


Theorem 1.2. Let u G W^’‘^{B{xq, 2R)) he a continuous and nonnegative subsolution of 


diY{A{x)Du) > f{u) 
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and denote M 


supb{xo,R) ^ If u{xo) > 0 then it holds 


dt 

Jm/A \/F{t) 


> cR 


for a constant c > 0 which is independent of u and f. 


In fact, we will not need this result in the proof of Theorem 1.1 but only Lemma 4.3. 
However since Theorem 1.2 follows rather easily from Lemma 4.3 we choose to state it. At 
the end of Section 4 in Corollary 4.4 we show that Theorem 1.2 implies the Keller-Osserman 
condition for entire solutions of (1.1). This result has been proved in [17]. This result is also 
known for wide class of nondivergence form operators [5, 6 , 12]. 

Let us now briefly give a rough version of the proof of Theorem 1.1. We integrate (1.5) 
(and its counterpart for r/) and conclude that for every e > 0 there exists t^ > 0 such that 
p{ts) = l{u > ts} n i? 2 l < e and 


r < c,. 

Jm 'J F{2t) + t 

For simplicity assume that for every t > t^ we have the nonhomogeneous (the first) estimate 
in (1.5). Then integrating (1.5) gives 


"f 


dt 


^/F{W) 


< - 


f 


^{t)p'{f)dt = 


1 i , . 

n 


1 1 

n 


We conclude that it has to hold M = max^^ u < 8t^. Indeed, otherwise Theorem 1.2 would 
imply for M 3/2 = maxB 3 y 2 u that 



dt 



dt 


which is a contradiction when e is small. Hence we have 

dt 


f 


V^T(2t) +1 


<C, 


which implies the result by change of variables. 

The paper is organized as follows. In the next section we recall basic results from measure 
theory. In Section 3 we prove estimates for nonnegative supersolutions of (1.1). The main 
result of that section is Proposition 3.5. In Section 4 we prove estimates for subsolutions of 
(1.1) and prove Theorem 1.2 and show in Corollary 4.4 how it implies the Keller-Osserman 
condition for entire solutions. Finally in Section 5 we give the proof of Theorem 1.1. 


2. Preliminaries 

Throughout the paper we denote by B{x,r) the open ball centred at x with radius r. In 
the case x = 0 we simply write B{0, r) = B^. 

Let U C ffi” be an open set. A set E C M”' has finite perimeter in U if 

P(K, t/) := sup div (f dx : (f ^ Uy^Uoo < < co. 

Here P{E, U) is the perimeter of E in U. Sometimes we call E a set of finite perimeter if it is 
clear from the context which is the reference domain U. Let K be a set of finite perimeter in 
U. The reduced boundary of E is denoted by d*E. It is smaller than the topological boundary 
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which we denote by dE. For any open set V <Z U it holds P{E,V) = fg*Env , where 

is the standard (n — l)-dimensional Hausdorff measure. Moreover the Gauss-Green 
formula holds 



div X dx 





for every X S Wq’°°{U, M"'). Here u is the outer unit normal of E which exists on d*E. For an 
introduction to the theory of sets of finite perimeter we refer to [2] and [19]. All the following 
results can be found in these books. 

The most important result from geometric measure theory for us is the relative isoperimetric 
inequality. It states that for every set of finite perimeter E in the ball Br the following 
inequality holds 

P{E,Br) > cmin^lE riBii\~ ,\Br\E\~^ 


for a constant c which depends on the dimension. The proof of the main result is mostly 
based on this inequality. 

We recall the coarea formula for Lipschitz functions. Let g be Lipschitz continuous in an 
open set U and let h G L^{U) be nonnegative. Then it holds 


[ h{x)\Dg{x)\ 

Ju 


dx = 


'—oo \J {g=t}r\U 


h{x)dTP^ dt. 


The formula still holds if g is locally Lipschitz continuous and h\Dg\ € L^(U). From the coarea 
formula one deduces immediately that almost every level set {g > t} of a Lipschitz function 
is a set of finite perimeter. In the case g G C°°{U) the level sets are even more regular, 
since by the Morse-Sard Lemma the image of the critical set K = {x ^ U : \Dg{x)\ = 0} 
has measure zero \g{K)\ = 0. In particular, almost every level set of a smooth function has 
smooth boundary. 

Throughout the paper we denote the sublevel sets of a measurable function u : H 2 —)■ M by 


Et := {x G i ?2 : u{x) < t} 


and the superlevel sets by 

At := {x ^ B 2 : u{x) > t}. 

Moreover we denote //(t) = \At\ and i]{t) = \Et\. In Section 3 we estimate the differential of 
fi{t) (and T]{t)) when u is nonnegative supersolution of the equation (l.I). The differential of 
/x(-) is a measure and we denote its absolutely continuous part by //'. To avoid pathological 
situations (see [1]) we regularize the equation in order to work with smooth functions. Then 
by the result from [1] we may write /r' as 


/r'(t) 






for almost every t. 

Let us turn our attention to elliptic equations in divergence form. As an introduction to 
the topic we refer to [13]. 


Definition 2.1. A function u G is a supersolution of (1.1) in an open set U if 


/ {A{x)Du, Dip) dx > — / f{u)pdx for all nonnegative p 

W Ju 
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A function u G is a subsolution of (1.1) in if 

/ {A{x)Du, Dip) dx < — / f{u)ipdx for all nonnegative ip G 

Ju Ju 

Finally u G is a solution of (1.1) in D if it is both super- and subsolution. 


As we already mentioned we will regularize the equation (1.1) and work with solutions of 

(2.1) div(Ae(x)i:)u) = jeiv) 


where Ag is smooth, symmetric and elliptic, and is positive, increasing and smooth. More¬ 
over we choose and such that ^ A in and /^ —)> / in such that ^ fei 

£2 > £i. Let u G VF^’^(i? 2 ) be a nonnegative solution of (1.1) in B 2 . For every e > 0 we dehne 
Ue to be the solution of (2.1) having the same boundary values as u, i.e., Ue — u ^ Wq’‘^{B 2 ). 
Since (u^) are locally uniformly Holder continuous we have that ^ u uniformly in Bi and 
(denote Fs{t) = /^(s) ds, = sup^^ Ue and = infs^ Ue) 


lim 

S —^0 



dt 

■sjF£{t) -|- t 


dt 

Jm \lF(t) -|- t 


by monotone convergence. Hence, we may assume that the solution u in Theorem 1.1 is 
smooth, i.e., u G C°°{B 2 ). 

Finally for De Giorgi iteration we recall the following lemma which can be found e.g. in 
[13, Lemma 7.1]. 


Lemma 2.2. Let (xi) be a sequence of positive numbers such that 

Xi+i < CqB'^x]^^ 

with Co > 0 and B > 1. If xq < Cq^B~'^^ then 

lim Xi = 0. 
i—>-oo 


3. Estimates for supersolutions 


In this section we study nonnegative supersolutions of (1.1). We begin by proving a stan¬ 
dard Caccioppoli inequality and its variant, which involves a boundary term. As we mentioned 
in the previous section we prefer to work with smooth functions. Recall that Ft = {u < t}riB 2 . 

Proposition 3.1. Assume that u G C°°{Bji) is a nonnegative supersolution of 

(3.1) div(A(x)Z)u) < f{u). 

Then for r < R it holds 


I EtDBr 


|L>up dx < C 


(R-r)^ 


+ E(2f) ] \Et n Bji\ 


for a constant depending on A and A. Moreover for almost every t > 0 we have 


L 


{u=t}nBr 


\Du\ dW^-^ < C 


t 


{R — r)2 t 


+ \EtnBR\. 
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Proof. Let us fix t > 0 and choose a testfunction ip{x) = {t — u{x))+C‘^{x), where C € Cq{Br) 
is a standard cut-off function such that C,{x) = 1 m. Br and \Df\ < We get after using 

the ellipticity and Young’s inequality that 

[ iDul"^ dx < — -^ [ {t — u)'^dx+ [ f(u)(t — u)+dx. 

JEtnBr [R - n Jb„ Jb„ 


r2t 


Since / is nondecreasing we have f{t)t < f{s)ds < F{2t). Therefore the standard Cac- 
cioppoli inequality follows from 

(3.2) [ f{u){t-u)+dx<f{t)t\EtnBR\<F{2t)\EtnBR\. 

JBr 

By Morse-Sard Lemma it holds \Du\ > 0 on {u = t} for almost every t > 0. Let us prove 
that the second statement holds for every such t. We integrate the equation (3.1) over the 
set Et n Bp and get 

f {A{x)Du, ^. ) dT-r'~^ < — f {A{x)Du,-^) d'H^~^ + f f{u)dx. 

J{u=t}nBp \F>u\ JdBpnEt 1^1 JEtnBp 

For a rigorous argument see [29] and note that (see [11]) 


-f 

dt 


By the ellipticity we have 


{A{x)Du, Du) dx = 


[ {A{x)Du,^)dn^-\ 

l{u=t}nBp \Du\ 


iDuldn^-^ <C [ \Du\dn^-^+ C [ f{u) 

JdBpnEt JEtnBp 


dx. 


Choose p = and integrate the previous inequality with respect to p over (r, p) and get 


(3.3) [R-r) 


' {u=t}nBr 


' {u=t}nBp 

itegr 

\Du\ dn^-^ <C [ \Du\ dx + C{R - r) 

JBpnEt 

By the previous Caccioppoli inequality we have 

\Du\ dx < \Et n BpI 2 
< C 


' EtnBR 


f{u)dx. 


L 


EtnBp 


' EtnBp 


\Du^ dx 


t 


{R-r) 


+ V\Ft n Br\. 


Arguing as in (3.2) we get 


L 


EtnBji 


f{u)dx < \Et n Br\. 


Therefore from (3.3) we get by Young’s inequality 


' {u=t}nB^ 


|o«l "W"-’ £ c ^ IE. n 


< c I * + LAi 


\EtnBR\. 


□ 
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Next we observe that if the measure of the sublevel set IE"* H -B 2 I is very small compared 
to the ratio tjF{2t), then we may apply the estimates from the linear theory. The next 
result follows from the previous Caccioppoli inequality together with the standard De Giorgi 
iteration. The argument is almost exactly the same as [13, Lemma 7.4] but we give the proof 
for the reader’s convenience. 


Lemma 3.2. Assume that u G C°°{B 2 ) is a nonnegative supersolution of 

(1\y{A{x)Du) < f{u). 

There is 5o > 0 sueh that if for some t > 0 it holds 

/ \ ^ 
t \ 


\EtnB 2 \ < So 


\l E{2t) +1 


then one has 


inf u > —. 
Bi 2 


V = < 


Proof. Let t > 0 satisfy the assumption of the lemma. For 0 < h < k < t we define 

0, if u > A; 
k — u, A h < u < k 
k — h, A u < h. 

By possibly decreasing the value of (5o we may assume that [Ej n E 2 I < ^|Ei|. Therefore by 
the Sobolev inequality we have for every 1 < p < i? < 2 that 

n — 1 


{k — h)\Eh D Bp\ " ~ yj ^ 

On the other hand by Proposition 3.1 we have 


/ 

J E}^r\Bp 


u\ dx. 


[ \Du\dx<\EknBp\U [ \Du\‘^dx] <c( — ^ + VE{ 2 k)] \Ek 0 Br\. 

JEunBn XJEunBn / \B-P J 


lEkHBp 

These two estimates yield 


{k - h)\Eh nBpl"^ <C + VE{2k)^ \Ek n BrI 


Define r* = (1 + 2 *) and ki = |(1 + 2 *) and apply the above inequality for R = Vi, 


^ I ■‘'•i • i I 


for every 1 < p < E < 2 and 0 < h < k < t. 

1 

2 

p = +_!_!, h = /cj+i and k = ki. We set Xi = [E^. n and obtain 

Xi+i < Co 

We choose (fo > 0 such that 
By the assumption on t we have 

3^0 = |Et n E 2 I < (io ( , - 


So < 
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and we conclude from Lemma 2.2 that limj_>.oo x* = 0. In other words inf^i u>t/2. □ 

We turn our attention to Proposition 3.5 which is the main result of this section. To that 
aim we will need two lemmas. In the first lemma we use the Caccioppoli inequality to study 
the local decay rate of the level sets Et- Due to the nonhomogeneity of the equation we do 
this only in small balls B{x,r) with radius r < t/ Due to the relative isoperimetric 
inequality the estimate depends whether the density \Et{~^B{x,r)\/\Br\ is close to one or close 
to zero. 

Lemma 3.3. Assume that u G C°°{B 2 ) is a nonnegative supersolution of 

div{A{x)Du) < f{u). 

Then for almost every t > 0 it holds 

[ j min||L;tn.B(xo,r)|,|.B(xo,r)\L;t|| 

J{u=t}nB{xQ,2r) t I J 

whenever B{xo,2r) C B 2 is such that 

t 

r < ! 

,/fW) 

Proof. Without loss of generality we may assume that xq = 0. We may also assume that 
\Et n B(xQ,r)\ < \B{xQ,r) \ Et\ since in the other case the proof is similar. Moreover by 
Morse-Sard Lemma we may assume that \Du\ > 0 on {rt = t} H i? 2 - 
Let us first assume that 

(3.4) \EtnBr\ <2-^-^\Br\. 

Let us fix Xi € Et Cl Br- For Xi we define a radius Rt such that 

Ri := inf {p > 0 : \B{xi,p) D Et\ < (1 - 2~'^~^)\B{xi, p)\}. 

Since x* G Et and Et is an open set we have that Ri > 0. Since the point xt is in Br then the 
ball B{^, |) is in the intersection Br n B(xi,r), and thus 

|.B(xi,r) \ Br\ < \Br\ - \Br/ 2 \ = (1 “ 2~^)\Br\. 

Therefore we deduce from the assumption (3.4) that 

\B{xi,r) n Et\ < \B{xi,r) \ Br\ + \Et n Br\ 

< (l-2-)|i?(x„r)|+2—2|S(x„r)| 

<{1-2—^)\B{xi,r)\. 

Thus we conclude that Ri < r. Hence we obtain a family of balls B{xi,Ri) which cover 
Et n Br and satisfy 0 < Ri < r. By the Besikovitch covering theorem [19, Corollary 5.2] we 
may choose a countable disjoint subfamily, say E, such that (,{n) '^i^jr \B{xi, Ri)\ > {EtCiBrl- 
Moreover by the definition of Ri it holds 

\EtnB{xi,Ri)\ = {l-2—^)\B{xi,Ri)\=cR^. 

In particular, the density \Et fl B{xi, Ri)\/\Bii^ \ is bounded away from zero and one. 
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Let US fix a ball B{xi,Ri) in the Besikovitch cover. We use Proposition 3.1 in B{xi,Ri) 
and obtain 


(3.5) 


' {u=t}nB(xi,Ri) 


\Du\ dn^-^ <C{^ + 


t . F{2t) \ 


< ctR: 


2 

n—2 
'i ’ 


\EtnB{xi,2Ri)\ 


where the last inequality follows from Ri < r < t/■\jF(2t). On the other hand the relative 
isoperimetric inequality yields 

\ -1 


' {u=t}r[B(xi ,Ri) 


\Du\ > c 


1 


(3.6) 


> c 


> c 


’ {u=t}nB{xi,Ri) \^'^\ 

[ ^ 

'{u=t}nB{xi,Ri) \Du\ 


dn^-^\ P{EuB{xuRi)Y 


-1 


dn 


n—1 


2{n-l) 


\Etr\B{xi,Ri)\ r. 


1 


-1 


' {u=t}nB{xi,Ri) 




dH 


n—1 


Ri 


2n-2 


Therefore (3.5) and (3.6) give 

(3.7) / 

J {u=t}nB[xi,Ri) 

for every ball B{xi,Ri) C B 2 r in the cover. Summing (3.7) gives 


^ dn^-^>-^R^>^\B{xi,R^)\ 




{u=t}nB{xi,Ri) 


dH 


n—1 


> 


^{n)t 


\Et n Br\ 


and the claim follows. 
Let us assume next 

(3.8) 


Et^^Br\ > 2~'^~‘^\Br\. 


In this case we do not need any covering argument. Since we assumed that \Etr\Br\ < \Br\Et\ 
we have 

\EtnBr\ < 

We use Proposition 3.1 in i?,. and argue as above to conclude that 

[ \Du\dH^-^ < C (^ \EtnB2r\<Ctr^-Y 

J {u=t}r\Br ^ J 

where we used the fact that r < t/sjF{2t). We use the relative isoperimetric inequality and 

(3.8), argue as in (3.6) and get 


\Du\ dH'^-^ > c 


' {u=t}nBr 


' {u=t}nB, 


\Du\ 


dn 


n—1 \ Jin—2 


-1 
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Hence the claim follows. 


□ 


Next we prove a measure theoretical lemma which is related to the relative isoperimetric 
inequality. To this aim we denote for every 5 € (0,1] the truncated distance function to the 
boundary dB 2 by 


(3.9) 


ds{x) := cmin {(2 — |x|), <5}, 


where c € (0,1] is a number which we choose later. For every measurable set A C B 2 we 
define a density function cta : H 2 —)• M by 


(3.10) 


fJA(x) 


\Ar\ B{x,ds{x))\ 

\Bds{x) I 


Although it is not apparent from the notation, the function cta depends on 5. The point of 
the following lemma is to study the size of the set where the density function of a given set A 
takes values between 1/5 and 4/5, i.e., away from zero and one. Heuristically one may think 
that the set {(Ta = 1/2} corresponds to the boundary of A and that {1/5 < (Ta < 4/5} forms 
a layer around it. The thickness of this layer depends on the Lipschitz constant of a a which 
can be estimated by a simple geometrical argument as follows. 

Fix x € i ?2 and a unit vector e. When /i > 0 is small it holds 


B{x + he, ds{x + he)) C B{x, ds{x) + 2h). 

Therefore we may estimate 

\Ar)B{x + he,ds{x + he))\ — \AriB{x,ds{x))\ < \B{x,ds{x) + 2h)\B{x,ds{x))\ < Cds{x)^~^h, 
where C depends on the dimension. Moreover it is easy to see that 


lim 


1 


1 


1 


< 


C 


Hence we have 

aA{x + he) - aA{x) = 


h^o h \ I \Bdg(^x)\ J dd{x) 

\A n B{x + he, ds{x + he))\ — |A n B{x, ds{x))\ 


< 


+ |A n B{x, d 5 (x))| 

c 


^ds{x+he) I 

1 


\^ds{x+he)\ I'®d5(a;)l 


ds{x) 


h + o{h). 


Therefore a a is locally Lipschitz continuous and its gradient can be estimated by 

C 


(3.11) 

for almost every x G H 2 . 


\DaA[x)\ < 


ds{x) 


Lemma 3.4. Suppose A C B 2 is a measurable set such that |A| < 5 IH 2 I and let 6 € (0,1]. 
Let ds{-) be the truncated distance (3.9) and let a a be the density function (3.10). There are 
constants ci and (5i which depend on the dimension such that for every <5 < (5i it holds 

n — 1 

|{l/5 < CJA < 4/5}| > cimin{5|{crA > 4/5}|“, |{crA > 4/5}|}. 

It is not difficult to see that if A is a smooth set then by letting <5^0 the previous lemma 
reduces to the relative isoperimetric inequality. 
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Proof. Let us fix G (0,1]. Throughout the proof we denote for every s G [0,1] the superlevel 
sets of a A by 

:= {x G B 2 ■ (7a> s}. 

For every x G B 2 -S it holds ds{x) = c6 and therefore 

\A n B{x, c5)| 


(Ta(x) = 

By Fubini’s theorem we have 


' B 2 -S 


\Bcs\ 

aA{x)dx= / XA{y) 


/ XA{y)XB,s{x-y)dy. 

JB2 


1 


'B 2 


Hence it holds 


1^1 > 


' B 2 -S 


< [ XA{y) 
JB2 

o-a{x) dx > 


\Bcs\ 

1 

1^ 


'B 2 - 


XB,s{x - y)dxj dy 
XB,s{x - y)dx^ dy = |H|. 


' aA{x) dx >n B 2 -s\- 

A^/^rB2-s b 


By taking <5 small we get that \A^/^\ < j\A\. Since |H| < \\B 2 \ we have 


(3.12) 


1^1 < Im 


for every 3/5 < s < 4/5. 

Let us define 

(3.13) 5n '■= - and Rn := 2- 

^ ^ 2n-l 2 

We divide the proof in two cases. Let us first assume that there exists s G (7/10,4/5) such 
that 

(3.14) \A^nBRj>^\A% 

This means that part of the level set A^ = {a a > s} is away from the boundary dB 2 . We 
observe that for every x G Br^ it holds ds{x) > c6 for a dimensional constant c > 0. By 
possibly decreasing <5 we deduce from (3.12) that \A^PBr^ \ < | for every 3/5 < s < 4/5. 

Then it follows from (3.11), from the coarea formula and from the relative isoperimetric 
inequality that 

|{l/5 < (ta< 4:/5}| > c [ ds{x)\DaA{x)\ dx 

i{Al/5\A4/5)nSB^ 

> c6 f f d'hP~^{x)ds 

J3/5 J {(TA=s}nBi{„ 

= c5 r P{A^,BRjds 
J3/5 

> c6 f \A^ f] Br^\~^ ds 

J3/5 

^ ^ ^ 

> C( 5 |H® n Br^\~. 
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Hence the claim follows from (3.14) since 


nBa.1 > 1|A*| > > 4/5}|, 

Let US next assume that for every s G (7/10,4/5) it holds 


(3.15) 




This means that large part of the level set is close to the boundary dB 2 . 

We denote the reduced boundary of by d*A^. Let us first show that for almost every 
s G (7/10,4/5) it holds 


(3.16) 


L 


d*A=nB2 


ds{x)dT-L'^ ^ > c|A 


To this aim fix s G (7/10,4/5) such that A^ has locally finite perimeter in i? 2 . We deduce 
from the definition of Rn (3.13), from (3.15) and from the coarea formula that there is pn G 
{2 — 5n, Rn) such that 


n n {Br^ \ B2-s^)\ 

Rn 


(3.17) 


r^n 

J2-5n 


H^-\dBpnA^)dp 


= ^n--\dBp„nA^). 


Choose a vector field X{x) = (|x| — 2)|^ and observe that by the definition of 6n (3.13) it 
holds 

(divX)(x) =n - > i 

for every |x| > 2 — (5^. Therefore the Gauss-Green formula and (3.17) yield 




L 


A‘\Bpn 
d*A‘>n{B2\Bpj 


div(X) dx 

{\x\-2){^ u)n^-^+ [ 
kl Jai 


(2 - \x\)n 


n—1 


< c 

< c 


L 


d*A»n{B2\Bp^) 


ds{x) + 5nn^-\dBp„ n h*) 


18* A‘‘nB2 


ds{x) T-C' + —\A 


The inequality (3.16) then follows from (3.15) as follows 
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Finally we use (3.11), the coarea formula and (3.16) to conclude 


|{l/5<fTA<4/5}| >c 


= c 


= c 


> c 


/ di{x)\VaA{x)\dx 

r'4/5 

ds{x) d'H^~^{x) ) ds 

'7/10 \J{aA=s}nB2 
r'4/5 

ds{x) dT-L'^~^{x) ) ds 

'7/10 \Jd*A’>nB 2 
r-4/5 


r^/a / r 

Jt/W \J{o 

r4/5 / r 

Jy/W \Jd* 

/■4/5 

/ 

i7/10 


'7/10 


□ 


We use the two previous lemmas to estimate the decay rate of the level sets. 

Proposition 3.5. Assume that u G C°°{B 2 ) is a nonnegative supersolution of 

dw{A{x)Du) < f{u). 

Denote ia{t) = \At n B 2 \ and ri{t) = \Et PI B 2 \ where Et = {u < t} and At = {u > t}. Then 
for almost every t > 0 with /t(t) < it holds 

-//'(t) > cmin|-^^=/r(t)^, i/x(t)| 

and for almost every t > 0 with rj{t) < it holds 

rj'{t) > cmin|-^^=r?(t) V, lr/(t)|. 

Here p! is the absolutely continuous part of the differential of p. 


Proof. We will only prove the first inequality since the second follows from a similar argument. 
By Morse-Sard Lemma for almost every t > 0 it holds that \Du\ > 0 on {u = t} f] B 2 and by 
[1] we may write 

-(■'(*)=/ TTri'*””"'- 

J{u=t}nB2 

Let us fix t > 0 for which this holds. Let > 0 be from Lemma 3.4. We choose 

t 


6 = min< 


in| ! ;<^l|; 


define the truncated distance by 


0 ^ 5 ( 3 ') := min{(2 - |x|), (5}, 


and denote the density function by 


aAtix) := 


\At n B{x,dsix))\ 


\B. 


ds{x )I 
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Let us divide the proof in two cases and assume first that 

\{aAt > 4/5}| < ^\At\. 

This means that there is a large set where the density of At is low. In particular, it holds 

\Atn{aA,<4./5}\ > ^\At\ 

For every Xi £ AtCi {aAt{x) < 4/5} we choose a ball B{xi^ ds{xi)) and thus obtain a covering 
of At n {(TAt < 4/5}. By the Besicovitch covering theorem [19, Corollary 5.2] we may choose 
a countable disjoint subfamily, say T, such that 

(3.18) ^(n) ^ I n {aAt < 4/5}) n B{xi,di{xi))\ > \At n {aAt < 4/5}| > 

ieT 


We observe that if B{xi, ds{xi)) and B{xj,ds{xj)) are two balls from T such that the enlarged 
balls B{xi,2ds{xi)) and B{xj,2ds{xj)) overlap each other, then their radii are comparable, 

< ds{xj) < Ms{xi). 

Therefore since the balls in F are disjoint it follows that the enlarged balls B{xi,2ds{xi)) 
intersect every point in B 2 only finitely many times, say, 7/(n) times. In particular, we have 


(3.19) 


r]{n) 


{u=t}r\B2 \^'^\ 


dU 


n—l 


‘U 


{u=t}nB{xi ,2ds {xi)) \Du\ 


dH 


n—l 


Let B{xi, ds{xi)) G F. Since xt G {crAt < 4/5} we have 

\B{xi,dsixi)) \ Et\ = \At n B{xi,dsixi))\ < ^\B{xi,ds{xi))\. 

Therefore 

\Et n B{xi,ds{xi))\ > -\B{xi,dsixi)) \ Et\ 

and Lemma 3.3 gives 


I {u=t}r\B{xi,2ds{xi)) \Du\ 


n 


n—l 


> ^ \B{xi,d5{xi)) \ Et\ 


= -\Atn B{xi,dsixi))\. 


Summing the above inequality and using (3.18) and (3.19) yield 


r/(n) / 

J f 


1 


{u=t}r\B2 


c 


{u=t}nB{xi ,2ds {xi)) \Du\ 


dn 


n—l 


> - ^ n B{xi,ds{xi))\ 


> 


C 

^{n)t 


\A 


ti¬ 


ll! other words > jn{t) and the claim follows in this case. 

Let us next assume that 

\{aAt > 4/5}| > ^\At\. 


(3.20) 
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This means that there is a large set where the density of At is close to one. In this case we 
do not cover the set {(JAt < 4/5} but only the part where the density UAt is between 1/5 and 
4/5. Then we estimate the measure of this set using Lemma 3.4 . 

For every x, € {1/5 < a At < 4/5} we choose a ball B{xi, ds{xi)) and thus obtain a covering 
of {1/5 < a At < 4/5}. By the Besicovitch covering theorem we may choose a countable 
disjoint subfamily T such that 

(3.21) |{l/5 < a At < 4/5}| < ^(n) ^ \B{xi,d5{xi))\. 

ieT 


Moreover as in (3.19) we have 


(3.22) 


r]{n) / 

J f 






{u=t}nB2 


dW 


Let B{xi, ds{xi)) G T. Since x, G {1/5 < (JAt < 4/5} we have 

1 ^ \B{xi,ds{xi))\Et\ _ \AtnB{xi,ds{xi))\ ^ 4 


B. 


dsixi)\ 


B. 


dsi^i)\ 


Therefore Lemma 3.3 gives 


/ -—n^-^>-\Bixt,dsixt))\. 

J {u=t}nB{xi,2ds{xi)) \^u\ t 

Summing the above inequality and using (3.21) and (3.22) yield 


r]{n) 




ieT' 
c 


{u=t}nB{xi ,2ds {xi)) \Du\ 


dn 


n—1 


> - ^\B{xi,dsixi))\ 


> 


i{n)t 


|{l/5<a^, <4/5}|. 


Finally we use Lemma 3.4 to conclude that 

n — 1 

|{l/5 < aAt < 4/5}| > cmin{5|{fTAt > 4/5 }|~,\{aAt > 4/5}|}. 
Therefore by the two previous inequalities and by (3.20) we get 

= min {6 

J{u=t}nB2 \Bu\ t 


The result follows from 


5 = min 


in| ^ ,Si}. 


□ 
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4. Estimates for subsolutions 

In this section we prove estimates for subsolutions of the equation (1.1). The most impor¬ 
tant result of this section for Theorem 1.1 is Lemma 4.3. Similar but slightly different result 
is proved in [16]. The proof is fairly standard. Instead of using a capacity argument [16] 
we give a short proof based on De Giorgi iteration. After Lemma 4.3 we give the proof of 
Theorem 1.2 and Corollary 4.4. 

We begin by recalling the following standard result for subsolutions of the linear equation 
(4.1) d\Y{A{x)Du) = 0. 

Lemma 4.1. Letu ^W^'‘^{B{xQ,2r)) be a subsolution of {^.1) and denote := sup 5 (a.pu. 
There is Sq > 0 such that if 

|{tt > u(xo)/2} n B{xo,r)\ < eo\Br\, 

then Mr > 8u(xo)- 

Proof. Let us recall that by De Giorgi theorem any subsolution v of (4.1) is locally bounded 
and satisfies 

sup V<Cr ^\\v\\L2(B{xo,r))- 
B{xo,r/2) 

The result follows by applying this to v = {u — tt(xo)/2)+ which is a subsolution of (4.1). □ 


We recall the notation At = {u > t}. We have the following Caccioppoli inequality for 
subsolutions of (1.1). 

Lemma 4.2. Let u G W^’^(i?(xo, 2r)) he a subsolution of 

dw{A{x)Du) > f{u) 


and denote Mr := sup^^^.^ u. Then for every p < r and t < Mr it holds 


L 


B{xq,p) 


iu — t)\ dx < 


C 


(r - pf 


\At n Br 


f Mr \ r 

\ ViB{xo,r) 


{u — t)\ dx. 


Proof. Without loss of generality we may assume that xq = 0. We use testfunction ip = 
{u — t)+C^ in (1-1) where C £ C^{Br) is a standard cut-off function such that C, = 1 \n Bp 
and < jM. This gives 



\D{{u-t)+Q\^dx<C ! {u - t)\\DC\^ dx 

J Br 


j'Br 


fiu){u - t)+C^ dx. 


Since / is nondecreasing we have for every x G At H Br that 


f{u{x)) > f{t) > 


Fit) ^ Fit) 


M2 


(u(x)-t). 



f(u)(u 


t)+C^ dx > 



dx. 


Therefore we have 
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We denote w = {u — t)+C £ Wq’ {B^) and obtain by Young’s and Sobolev inequalities 

\D{{u - t)+C)P dx + ^ 


> c 


= c 


J Br 

VW) 

Mr 


/ \wDw\ 

J Br 


dx 


VW) f 1 


Mr 




dx 


> c- 


The result follows from Jensen’s inequality 


f w^^dx 


Mr 


’ Br 


2n 

{u — t)l~^ dx 1 > n Bp 


’Bo 


^ f (u-t) 
JBo 


— t)i_ dx. 


By the standard De Giorgi iteration we obtain the estimate we need. 
Lemma 4.3. Let u G W^’‘^[B{xQ,2r)) he a subsolution of 

diY{A{x)Du) > f{u) 
and denote Mr := u. If 0 < Mr < 2u{x{)), then 

u{xo) 


> cr. 


u{xo) 

2 


Proof. By rescaling and translating we may assume that u is a subsolution of 

div{A{x)Du) > r'^f{u) 

in B 2 and 0 < Mi < 2tt(0). We need to show that 

«(0) 


An := 




> c > 0. 


□ 


Let T,p be such that 1/2 < p < t < 1 and h,k such that u{0)/2 < h < k < rt(0). Then it 
follows from the assumption Mi < 2ii(0) and Lemma 4.2 that 

I {u — k)‘^dx < CAolAkCi Br\^- 
JaudBo 


lAhClBr 


Since 

one gets 
(4.2) 


\AknBr\ < 


{k-hf 


1 


(r - pY 

{u — /i)^ dx 


{u — /i)^ dx. 


lAhClBr 

1 


{u — kYdx<CAo - - — „ ( / {u — hYdx 

lAkDBp {k — h)'^ V ~ P) \JA^nBr 
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Define r* = ^(1 + 2 *) and ki = n(0) (f — 4 ^ *). Write (4.2) for h = ki, k = ki+i, t = ri 
and p = Tj+i and set 

{u — ki)\ dx. 

^ n.Sr 


Xi = M 


Ja, 


i+i 


Since Mi < 2tt(0) we obtain 

Xi+i < CoC\Kq x - 
for Co > 1 and Ci > 1. Let us show that it holds 

(4.3) Ao> |Sir^Co-iCf”. 

Indeed, we argue by contradiction and assume that (4.3) does not hold. This implies 


xo < Mf2 f u^dx< \Bi \ < Cg-^Cf^'Ao ' 
Jbi 


It follows from Lemma 2.2 that limj^oo Xj = 0. This means that 

3 

sup u < -u{0) 

Si/2 4 

which is a contradiction. Therefore we have (4.3) and the claim follows. 


□ 


Proof of Theorem 1.2. Without loss of generality we may assume that xq = 0. Let us 
denote Mq = u(0) and Rq = 0. We dehne radii Rk G (0, i?], where k = 1 , ..., K, such that 
the corresponding maxima IVR := sup^ u satisfy 

Mk = 2Mfc_i 

for every k = 1,..., AT — 1 and Rk = R and ^ < ‘^Mk-i- Denote also 

Tfc = Rif. — Rk-i for i = 1,..., AT. For notational reasons we also define M_i = Mo/2 and 
M—2 — Ajfo/4. 

Let us fix A: G 1,..., AT. Let Xk-i G be a point such that u{xk-i) = Mfc_i. Note 

that because of the maximum principle the maximum is attained on the boundary. Since 
^^PB(xk-i,rk) '^<^k = 2Mfc_i Lemma 4.3 yields 

^4-1 ^ 

VA(A4_i/2) - 

Note that Mfc_i = and Mj^_i/2 = Mfc_ 2 . Therefore by the monotonicity of F it holds 


rMk-2 

J Mu_r\ 


t 


> 


Mfc 3 


> 


1 


Mk- 


1 


'm,_3 VHMk-2) 4 ^F(Mfc_i/2) 

Summing the above inequality over k = 1,..., K yields 

cMk " <■ ^ 


> CTk. 


f 

Jm 


dt 


/M_2 VW) k=l 
Since M _2 = u(0)/4 > mjA and Mk -2 < M one has 

dt 


— = cR. 


rMK-2 

Jm-o 


< 


rM 

Jml4: 


dt 


M _2 \/A(t) Jm/4 \/F{t) 

The result follows from the previous two inequalities. 


□ 
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Let US briefly discuss about the previous theorem. At the first glance the statement of 
Theorem 1.2 might seem unsatisfactory. First, one could think that the assumption u{xq) > 0 
in Theorem 1.2 is unnecessary. However, it is easy to see that it can not be removed. Second, 
one can not reduce the interval of integration from [m/4, M] to [m,M], i.e., the estimate 

dt 

(4.4) / ^== > cR 

J m 


is not true. To see this choose / such that f{t) = 0 for t € [0,1] and f{t) = 1 for t > 1. 
Construct a one dimensional solution of u” = f{u) in (0,1) by u{x) = 1 for 0 < x < 1 — e and 
u{x) = ^{x — 1 + e)^ + 1 for 1 — e < X < 1. This solution does not satisfy the estimate (4.4). 


1 2 

Corollary 4.4. Suppose that there exists a continuous subsolution u G ( 

(1\y[A{x)Du) > f{u) 

in M” which is not constant. Then necessarily 

dt 

= oo. 


') of 


7-00 

Proof. Since u is not constant there exists a point xq such that u(xo) > inf^j-^-Q i) u. Without 
loss of generality we may assume that xq = 0. Let us fix a large radius i? > 1 and denote 
m 2 R = inf b 2 r u and Mr = sup^^ u. We define v = u—m 2 R which is a nonnegative subsolution 
of 

div{A{x)Dv) > f{v) 

in B 2 R where f{t) = f{t + m 2 R). Denote also M = sup^^ v = Mr — m 2 R and fh = inf v = 
niR — m 2 R. Since u(0) = u(0) — m 2 R > 0 we deduce from Theorem 1.2 that 

dt 

Jrh/4 JF{t) 


Since 


I'M pMr 

/ 

Jm/4 I _p(t) •irn 2 R 


dt 


VW) 


the result follows by letting i? —>■ 00 . 


□ 


5. Proof of the Main Theorem 
This section is devoted to the proof of Theorem 1.1. 

Proof of Theorem 1.1. Let u be a nonnegative solution of 

d\-v{A{x)Du) = f{u) 

in B 2 . As we discussed in Section 2 we may assume that u G C°°{B 2 ). Let us once more recall 
our notation Et = {u < t}, At = {u > t}, r]{t) = \Et D H 2 I and //(t) = \At n H 2 I. Moreover 
m = inf^i u and M = sup^^ u. We hrst note that it is enough to show that 

pM 

(5.1) / ^- < C. 

J m 


V^F(2fy +1 














22 


VESA JULIN 


Indeed, then the claim follows by change of variables, as follows 


r-M 


ds 


M/2 




< 2 


dt 


[ 

J m/2 -sj F{2t) + t 

r dt 

/ T + ^ / 

Jml2 ^ J rr 


< 2 

f m/2 

< 2 log 2 + C. 


dt 


\/ -^(^0 +1 


Let to > 0 be such that //(to) = or, if such number does not exist, the supremum over 

the numbers t for which r/(t) < Let 5o > 0 be from Lemma 3.2. Let us first show that 
there exists C, which depends on 6o, such that either the integral is bounded 

^*0 ds 


L 


0 F{2s) + s 


< C 


or there exists ts G (0,to) such that 

ts 


(5.2) 


viU) < So 


\J F{2ts) + ts 


and 


rio 

J tx 


ds 


ts V + s 


< C. 


Indeed, it follows from Proposition 3.5 that for every t < to for which the first inequality in 
(5.2) does not hold, i.e., 

/ \ n 

t \ 


r]{t) > 5o 


■sj F{2t) +1 


we have 


?/(t) > c- 


V 


1 -- 


(t) 


y/ F{2t) + t 

for a constant which depends on 5o- In other words 

d 1 c 

We integrate the above inequality over (t, to) and get 


I.B 2 I > rjn (to) - T/n (t) > 


ds 


Therefore if 


rto 

Jo 


ds 


> 


s/ F{2s) + s 


1 0 F{2s) + s c 

we conclude that there exists ts € (0, to) for which (5.2) holds. Since ts satisfies (5.2) we 
deduce from Lemma 3.2 that 


Therefore we have 
(5.3) 


rto 


ds 


< 


m> —. 
“ 2 


f“±M 

dts /2 ^ J 


ds 


Jm F(y‘2s') + S Jts/2 

for a constant C which is independent of u and /. 


ts \J + s 


< C 
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To prove (5.1) we need yet to show that 

ds 


< c. 


J to \l T( 2 s) + s 

To this aim let e > 0 be a small number which we choose later. Let > to be the first value 
of u such that 

\{u > te} n B2I < e, 

or, to be more precise, 

te := sup{t > 0 : ^{t) > e}. 

Proposition 3.5 implies that for every t G (toTe) h holds 


—fJ-'it) > c- 


tJ- "(i) 


\/T(2ty +1 

for a constant c which depends on e. In other words 

c 


._ • 

dV \/F{2t) +1 


Therefore we have 


I.B2I > /i-(to) - > c 


/ 

J to 


dt 


/ to \J F{2t) + t 

We will show that when e > 0 is chosen small enough it holds M < 2te- This will imply 


fM 


dt 


< 


L 


dt 


+ 


to V F{2t) +t Jto sj F{2t) +t Jt, 


(U 

Ju 


< C. 


The result then follows from the previous estimate and from (5.3). 

To prove M < 2te we argue by contradiction and assume that M > 2te- Recall that by the 
assumption on te it holds |{u > M/2} H i? 2 | < We note that by the maximum principle 
the maximum of u in any ball Br is obtained on the boundary. Therefore when e is small we 
conclude from Lemma 4.1 that 


(5.4) supu > 8 M and suprt> 8 supM. 

Bs By B3 

To prove (5.4) choose xq G dBi such that u(xo) = M and yo G dBo such that u{yo) = sup^ u 

and apply Lemma 4.1 in B{xo, 1/4) and in B{yo,l/4:). 

We choose radii 1 = Rq < Ri < R 2 < ■ ■ ■ such that the corresponding maxima 


Mk := sup u 
^Rk 


satisfy 


Mk = 2 Mfc_i. 


Here we use notation Mq for M = sup^^ u. We continue to do this until the first time we 
find Rk such that Rk > 3/2. It follows from (5.4) that R > 4 and that Rk < 7/4 < 2. 
In particular, Rr is well defined. Denote rk = Rk — Rk-i- We also deduce from (5.4) that 
R 3 < 5/4 and therefore 

(5.5) n + r2 + ra = i?3 - Ro < 
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Let us fix /c = 4,..., iL. I claim that for small c it holds 
(5.6) 

for every t G (Mfc_ 4 , Mfc_ 2 ]. Note that it is enough to show (5.6) for t = Mk- 2 - We argue by 
contradiction and assume that ^'^{Mk- 2 ) < cr^. This can be written as 

KMk-2) < £i\BrJ 

for small ei > 0. Since M^-i = 2 Mk -2 this can be again written as 


|{tt > Mfc_i/2} n -B2I < 

Let Xk-i G be such that u{xk-i) = Mk-i- When £i is small it follows from Lemma 

4.1 that 

snp u > 8Mfc_i. 

B[xk-i,rk) 

However since Mk > supg( 2 ,^_^ n this contradicts the fact that Mk was chosen such that 
Aik = 2Mfe_i. Hence we have (5.6). Note also that it follows from 

0 < sup u < Aik = = 2u{xk-i) 

B{xk-i,rk) 


and from Lemma 4.3 that 

Mk-i 

VF(Mfc_i/2) - 

For every t G {AIk- 4 , Alks] it holds Mk-i = 8 Mfc _4 < 8 t and AIk-i/2 
Therefore by the monotonicity of F we have 


(5.7) 


t 


> CVk 


2AIk-3 > 2 t. 


for every t G {AIk- 4 , Mks]- 

Let us fix A: = 4,..., iL. We deduce from Proposition 3.5 and from (5.6) and (5.7) that for 
every t G {AIk- 4 , AIk- 3 ] we have the estimate 

In other words 

d , 1 , .. c 

We integrate this over {Alk-^, AIk- 3 ) and use the fact that Mk -3 = 2 AIk -4 to conclude 

/r™ {AIk-4) - /i" [Mk-s) > CVk- 


Recall that Mq = M = sup^^ u. Summing the previons inequality over k = A,..., K gives 


K 


K 


(5.8) 


^^(M) > ^/i"(Mfc_4) - /i"(Mfc_3) > cy^Tk. 


fc=4 


k=4 


Recall that Vk = Rk — Rk-i, Ro 
Thus we deduce from (5.5) that 


1 and Rk > 3/2. Therefore Ylk=i^k = Rk — Ro F 
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Therefore (5.8) yields 

/i" (M) > c. 

However, by the choice of we have 

niM) = \{u > M} n H 2 I < |{ri > te} n H 2 I < e 
which is a contradiction when e > 0 is small. □ 

At the end let us show why Theorem 1.1 does not hold for equation 

(5.9) - Au = f{u) 

when n >2. If Thereom 1.1 would be true for nonnegative solutions of (5.9) then there would 
be Co such that 

rM ^ 

(5.10) / ,_ _ < Co- 

Jm + t ~ 

Let (/7 > 0 be the fundamental solution of the Laplace equation with inf^i y? = 1 and singu¬ 
larity at the origin. Since ip is unbounded we find a radius r > 0 such that for the value of ip 
on dBr, denote it by T, it holds 

(5.11) / i - 

We define u € C^’^(B 2 ) such that u(x} = ip(x) for x € B 2 \Br and u{x) = a(r‘^ — |xp) + T for 
X G Br- Here a > 0 is chosen such that u G C^’^{B 2 ). Then u is a solution of (5.9) for some 
/ which satisfies f{t) = 0 for t G (0,T). Therefore (5.10) can not hold because of (5.11). 
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